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In an earlier article, we presented a method to obtain integrals of motion 
and polynomial algebras for a class of two-dimensional superintegrable sys- 
tems from creation and annihilation operators. We discuss the general case 
and present its polynomial algebra. We will show how this polynomial alge- 
bra can be directly realized as a deformed oscillator algebra. This particular 
algebraic structure allows to find the unitary representations and the corres- 
ponding energy spectrum. We apply this construction to a family of caged 
anisotropic oscillators. The method can be used to generate new superinte- 
grable systems with higher order integrals. We obtain new superintegrable 
systems involving the fourth Painleve transcendent and present their inte- 
grals of motion and polynomial algebras. 



1 Introduction 

The following article is the second of a series of two [1] discussing the 
construction of higher order integrals of motion and polynomial algebras 
from creation and annihilation operators. We applied the results to two cases 
with a second and a third order integrals where no polynomial algebra were 
found 



V(x,y) = h 2 [^{x 2 + y 2 ) + \ + * + - 1 ], (1.1) 
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V{x,y) = tf[^+ft +J ^ +J ^. + J -±- ljs+J -±-p]. (1.2) 
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We constructed a quintic and a seventh order algebras. We studied the rea- 
lization in terms of deformed oscillator algebras of a class of polynomial 
algebras of the seventh order. These results allowed us to obtain the struc- 
ture function for the Potential 5 and 6 and unitary representations with the 
corresponding energy spectrum. 

Many article [3-18] were devoted to superintegrable systems. However, most 
articles were on quadratically superintegrable systems. This paper follows 
also articles concerning superintegrable systems with third order integrals of 
motion [19,20,21,22,23,24]. The potentials given by Eq.(l.l) and (1.2) were 
obtained in Ref. 20 and studied from the point of view of supersymmetric 
quantum mechanics in Ref. 23. In Ref. 20 a potential written in terms of the 
fourth Painleve transcendent was found. 



We will use the potential given by Eq.(1.3) to generate new superintegrable 
systems with a higher order integrals of motion. By construction, they also 
have a second order integral of motion. This integral is related to separation 
of variables. 

Let us present the organization of this paper. In Section 2, we recall how 
we can generate integrals of motion from the creation and annihilation ope- 
rators. We consider the general case m\ x = n\ y and obtain the polynomial 
algebra generated by integrals of motion. We show how we can obtain directly 
the realization in terms of deformed oscillator algebras. In Section 3, we ap- 
ply the construction to a family of caged anisotropic harmonic oscillator. We 
show how the method can be used to generate new superintegrable systems 
with higher order integrals. We construct a new family of Hamiltonians writ- 
ten in terms of the fourth Painleve transcendent. We present their integrals, 
polynomial algebra and energy spectrum. These results extend the number 
of known superintegrable systems involving the Painleve transcendents 



V{x, y) = — {x 2 + y 2 ) + e—f -: 
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(1.3) 




2 



2 Polynomial algebras 



Let us consider a two-dimension Hamiltonian separable in Cartesian co- 
ordinates 

H(x,y,P x ,P y ) = H x (x,P x ) + H y (y,P y ), (2.1) 

for which creation and annihilation operators ( polynomials in momenta) A x , 
A x , A y and A y exist. These operators satisfy 

[H u A\] = \ x Al [H 2 ,A\]=\ y Al . (2.2) 
The following operators 

A = A tT A yi h = A™A\ n , (2.3) 

commute with the Hamiltonian H 

[H,f 1 ] = [H,f 2 ]=0, (2.4) 

if 

m\ x — n\y = 0, m, n G Z + . (2.5) 

Creation and annihilation operators allow to construct polynomial integrals 
of motion. 

We will now consider integrals given by Eq.(2.7) and show that we can obtain 
directly a polynomial algebra written as a deformed oscillator algebra. Let 
us consider 

H = H x + H y , X = m\ x = n\ y , (2.6) 
A=±(H X -H y ), i- = A™A y n , I + = A x m A n y (2.7) 

We demand that creation and annihilation operators satisfy the following 
relations 

[A X ,A X ] = P(H X ) = Q(H X + X x ) - Q(H X ), (2.8) 
[A y ,A\] = R{H y ) = S(H y + Xy) - S (H y ) . (2.9) 
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We obtain the polynomial algebra 

[A,J_] = -/_, [A, /+] = /+, (2.10) 

m U H 

[i-, /+] = n + mA - A + /a -) n - ^ - ( n - ^ ( 2 - n ) 

Z=l k 
m n H 

- JJ Q{— + mA x A - (m - i)X x ) Y[ S(— - n\ y A + jAJ 
i=i j 

The order of the polynomial algebra is thus determine by the order of poly- 
nomials Q and S. This last relation have a very particular structure and we 
rewrite the Eq.(2.11) as 

[/_, /+] = F m>n (H, A + 1) - F m>n (H, A), (2.12) 

with 

m H n H 

F m ,n = n q(~2 + mXxA -( m ~ o**) n - nX V A + i x v) ( 2 - 13 ) 

i=l j 

We can define 

&t = / + , b = I_, N = A-u (2.14) 

[N,b j ]=b\ [N,b} = -b, tfb = $(H,N), btf = <5>(H,N + 1) (2.15) 
and 

${H,N) = F m>n {H,N + u) (2.16) 



To obtain Fock type unitary representations and their corresponding energy 
spectrum we impose the following conditions 

$(p + 1, Ui, k) = 0, $(0,u, fc) = 0, </>(x) > 0, V x>0 . (2.17) 



We showed that the general polynomial algebra in the x and y axis given by 
Eq(2.2), (2.8) and (2.9) with m\ x = nX y allow us to generate a higher order 
polynomial algebra for the superintegrable system given by Eq.(2.10) and 
(2.11). This polynomial algebra is directly written as a deformed oscillator 
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algebra. 

The two-dimensional anisotropic oscillator is a particular case and was stu- 
died in Ref. 25. From the point of view of physics this system is important 
in nuclear and atomic physics. In nuclear physics it describes single-particle 
level spectrum of pancake i.e. triaxially deformed nuclei with u x >> u y ,u z . 
The system with ratio 2 :1 describes superdeformed nuclei and ratio 3 :1 
hyperdeformed nuclei. We will consider generalization of this systems that 
could have application in nuclear physics. 



3 Applications 



3.1 Caged anisotropic harmonic oscillator 

The anisotropic harmonic oscillator can be generalized by adding singular 
terms. This system is the caged anisotropic harmonic oscillator [26,27] 



H 



P 



2 2 2 v y ' x 2 



k 

2 ' 



y 



(3.1) 



The method of separation of variables allows to solve the corresponding 
Schrodinger equation in terms of Laguerre polynomials [8] and to obtain 
the energy spectrum. However, the polynomial algebra remains to be deter- 
mined. We apply to this system the construction of Section 2. 
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(3.2) 



They satisfy the relations given by Eq.(2.2) and (2.5) with X x = 2hku, 
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X y = 2hmu and m\ x = k\ y . We can apply results of Section 2. We have 

1 1 3 / 

Qm = Wk^ H * - m^ Hx + ( Ie " 2^' (3 - 3) 

S{Hy) = WriW H v ~ 2M^ Hy + ( 16 " 2^ } - (3 - 4) 
The integrals are given by Eq.(2.7). We have the condition m, k £ Z + . The 
Eq.(3.6) gives 

m E i 1 v 

$m,k(x) = m 2 k 2 nt^TlT + x + u-l + -- — ~^) (3.5) 
- LJ - Amkrvuj m 2m 2m 

i=i 

, E i 1 v x , 

+ X + + — + — 



'Amkhtv m 2m 2m' 

L\ K Amkhw k 2k 2k } 

, ^ j 1 ^ 

a; — "U+- r + 



%mkhuj k 2k 2k' 



with 



We should impose the constraints given by the Eq.(2.17). We obtain the fol- 
lowing solutions 

~ E , m-p 1 e^x 

M = i — 71— H ^7; 1- t; — , (3.6) 

Amknu m 2m 2m 



<& m , fc (s) = m 2 P TT(* + L_P)( X + L_P + m.) (3.7) 

m mm 



i=l 

k 



£ = 2mkMN + 2 + 1 " 2 P + £l " 1 + 1 ~ 2g + £2 " 2 ). (3.8) 

Jim ZsKj 

p = 1,2, ...,m, g = 1,2, fc and AT £ N. 
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3.2 System with Painleve transcendent 



In Ref. 20, five systems involving Painleve transcendent [28] were found. 
One of these systems was written as a function of the fourth Painleve trans- 
cendent. 

V{x, y) = — {x 2 + y 2 ) + e— / (^-x) + —f\^- x ) (3.9) 

+coVKoxf(\ — x) + ^(— a + e) . 
V n 3 

We presented its cubic algebra, wave functions and creation and annihilation 
operators. The Hamiltonians with e = 1 and e = — 1 are related by a special 
case of third order supersymmetry called shape invariance [24,29]. 
Let us consider the following superintegrable system 

H=^f + !f + g 1 (x)+g 2 (y) , (3.10) 

Ji(i) = A(y fiK\l^x)+uWt^ 1 xf 1 U—x)+— (-ai+ei) 

(3.11) 

#2(2/) = y/+-^^/^yyy)+^/2 2 (y^ 

(3.12) 

with 

maji = nw 2 , A x = TkJi = £>, A y = ^2 (3.13) 



The function f\ = fi(x, a.\, /3x) and f 2 = fi(y, &2, P2) are the fourth Pain- 
leve transcendent. The third order creation and annihilation operators were 
discussed in Ref.24 and Ref.29. The commutator of these operators was also 
obtained. They satisfy the relation given by Eq(2.8) and (2.9) with 

Q(H X ) =8( Hx -^(-a 1+ e 1+ m(H x -^q + Ae 1 - 3 -)) 2 + ^) (3.14) 
S(H y ) = 8(^-^(-« 2+e2+ 3))((^-^(| + 4 e2 -^)) 2 + ^) (3.15) 
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The structure function of the general case is given by Eq.(2.16) 

m E 

$m,n{x) = Y\_( ^ m fiwi( x + u ) ~ ( m ~ i)Tu*>i — "iirnwxK) (3.16) 

i=l 

E E 

(—+mhui (x+u) — (m—i)fijjJi — 7 2 mo>i h)(—+mfkOi (x+u) — (m—i) Tujj\ —^^mui K) 
J(— - nhu 2 (x + u) + jfkj 2 - J4ncu 2 h)(— - nhw 2 (x + u) + jhio 2 - j 5 nuj 2 h) 

_ _ 

3=1 

E 

(— - nfrw 2 (x + u) + jhjj 2 - j 6 nuj 2 n), 

with 

7i = -^(- 3 + ft i - £ i)' 72 = ^("6 + 2 «i - 3z v / 2ft + 16ei), (3.17) 
73 = ^(- 6 + 2 «i + 3z + 16e x ), 74 = -^(-3 + a 2 - e 2 ), (3.18) 

75 = ^(-6 + 2a 2 -32 V / ^+16e 2 ),7 6 = ^(-6 + 2a 2 + 32 V / 2^+16e 2 ). 

(3.19) 

We can rewrite the structure function as 

m ~ E % 

®m,n( X ) =TT U G tl\—+X + U-l + -- ll ) (3.20) 

- LJ - 2/kj m 

, « N , E i . 
-+X + U-1H 7 2 )(tt^ + X + -U-1H 73) 



£ , 3 s, E 3 



n 

T(77T^ -x-u+-- 74)(tt^ - x - u + — - 75 ) 
- LJ - 2/ia; n 2™J m 

3=1 



E 3 

x - u H 7 6 ). 



"2foD n 
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We obtain the finite dimensional unitary representations and the correspon- 
ding energy spectrum from the Eq.(4.7). We have 

—E p —E p —E p 

U! = -— + l-^-+ 7l>W2 = +l-^+ 72 , U3 = +i_il + 7 3. 3.21 
ITiw m ifao m znco m 

Let us present one of the three solutions for U\ 

E = hu(N + 2- — -- + 71 + 74), (3.22) 
m n 



Tj6 n 6 (x + L^)( x+ !_^ + 7l _ 7a ) (3.23) 
m m 



(x + ^ + 7l -7 3 )(iV+l-x + ^) 
m n 

(N + 1-X + J -^- + 74 - 75 )(iV + 1 - x + 3 -^- + 74 - 76 ). 
n n 

p = 1,2, ...,m, ? = 1,2, k and TV G N. 

There are 6 other solutions of the same form for U2 and U3. 



4 Conclusion 

The main result of this article is that we constructed in Section 2 the po- 
lynomial algebra for the general case mX = nX and showed that this algebra 
can be realized directly as a deformed oscillator algebra. This result allows to 
study many systems that could have applications in nuclear physics, atomic 
physics and quantum chemistry. 

We showed how the construction can be used to generate new superintegrable 
systems from known one-dimensional Hamiltonians with creation and anni- 
hilation operators. This result is also valid in classical mechanics. 
We studied with this method a family of caged anisotropic oscillator. We 
found the polynomial algebra, the finite dimensional unitary representations 
and the energy spectrum. We applied also the method to a new superin- 
tegrable system involving the fourth Painleve transcendent. We found the 
polynomial algebra, the finite dimensional unitary representations and the 
corresponding energy spectrum. The two systems given by Eq.(3.11), (3.10), 
(3.11) and (3.12) can be generalized in higher dimensions. 
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The classification of systems with creation and annhilation operators is im- 
portant and could allow to find new superintegrable systems. A classification 
of second order creation and annihilation operators was discussed in Ref. 
30. To our knowledge the classification of systems with second order ladder 
operators is not complete and only a class of Hamiltonians with third order 
ladder operators were discussed [29,24]. 
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